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------------

The density estimation plays an important role in both statistics and econometrics. This paper considers a two-dimensional density estimation model defined over mixed continuous and discrete variables \[[@CR2]\]. More precisely, let $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(X,Y)$\end{document}$ is a bivariate continuous-discrete random variable. For more examples, see \[[@CR1]\] and \[[@CR4]\].

The conventional kernel method gives a nice estimation for the continuous-discrete density function \[[@CR1], [@CR10], [@CR14]\]. However, it is hard to provide the optimal estimation for the densities in Besov spaces. In addition, the complexity of bandwidth selection increases the difficulty of the kernel method.

Recently, wavelet methods have made the remarkable achievements in density estimation \[[@CR7], [@CR8], [@CR11], [@CR12], [@CR15]\] due to their time and frequency localization, multiscale decomposition, and fast algorithm in numerical computations. In fact, wavelet estimation attains optimality for densities in Besov spaces, which avoids the disadvantage of kernel methods. Using the wavelet method, Chesneau et al. \[[@CR2]\] constructed linear and nonlinear wavelet estimators for a two-dimensional continuous-discrete density function and derived their mean integrated squared errors performance over Besov balls.
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Notations and definitions {#Sec3}
-------------------------

In this paper, we use the tensor product method to construct an orthonormal wavelet basis for $\documentclass[12pt]{minimal}
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One of advantages of wavelet bases is that they can characterize Besov spaces, which contain Hölder spaces and $\documentclass[12pt]{minimal}
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### Lemma 1.2 {#FPar4}
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The following theorem gives a lower bound estimation for $\documentclass[12pt]{minimal}
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### Theorem 1.1 {#FPar5}
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The upper bounds of the linear and nonlinear wavelet estimators are provided by Theorems [1.2](#FPar6){ref-type="sec"} and [1.3](#FPar8){ref-type="sec"}, respectively.

### Theorem 1.2 {#FPar6}
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### Remark 1.3 {#FPar7}
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                \begin{document}$s>0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s'=s$\end{document}$, then Theorem [1.2](#FPar6){ref-type="sec"} reduces to Theorem 4.1 in \[[@CR2]\]. In addition, Theorem [1.2](#FPar6){ref-type="sec"} does not make any restriction on *Q*, and so the assumptions are weaker than in \[[@CR2]\]. Theorem [1.2](#FPar6){ref-type="sec"} extends the corresponding theorem of \[[@CR2]\] from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p=2$\end{document}$ to $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$p\in[1, \infty)$\end{document}$.

When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r\geq p$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s'=s$\end{document}$ and the linear wavelet estimator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hat{f}^{{\mathrm{lin}}}_{n}$\end{document}$ attains optimality thanks to Theorems [1.1](#FPar5){ref-type="sec"} and [1.2](#FPar6){ref-type="sec"}. However, the linear estimator does not offer optimal estimation for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r< p$\end{document}$, because of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s'< s$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{s'}{2s'+1}<\frac{s}{2s+1}$\end{document}$ in this case.

To give a suboptimal estimation for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r< p$\end{document}$, we need the nonlinear wavelet estimators defined by ([1.4](#Equ4){ref-type=""}).

### Theorem 1.3 {#FPar8}

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hat{f}^{{\mathrm{non}}}_{n}$\end{document}$ *be the estimator of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{\ast}\in B_{r,q}^{s}(H, Q)$\end{document}$ *defined by* ([1.4](#Equ4){ref-type=""}) *with* $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq r,q<\infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$s>0$\end{document}$. *If the density of* *X* *is bounded*, *then for* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \begin{document}$r\geq p\geq1$\end{document}$ *or* $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$r\leq p<\infty$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s>\frac{2}{r}$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sup_{f_{\ast}\in B_{r,q}^{s}(H, Q)} E \bigl\Vert \hat{f}^{{\mathrm {non}}}_{n}-f_{\ast} \bigr\Vert _{p}^{p}\lesssim (\ln n)^{p}\biggl( \frac{\ln n}{n}\biggr)^{\alpha p} $$\end{document}$$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha:=\min \{\frac{s}{2s+1}, \frac{s-\frac{2}{r}+\frac{2}{p}}{2(s-\frac {2}{r})+1}\}$\end{document}$.

### Remark 1.4 {#FPar9}

Theorems [1.1](#FPar5){ref-type="sec"} and [1.3](#FPar8){ref-type="sec"} tell us that the nonlinear estimator is suboptimal up to a logarithmic factor. Moreover, if $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p=2$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\{r\geq2, s>0\}$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{1\leq r<2, s>\frac{2}{r}\}$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha=\frac{s}{2s+1}$\end{document}$, and Theorem [1.3](#FPar8){ref-type="sec"} is the same as Theorem 4.2 in \[[@CR2]\] up to a logarithmic factor. Hence Theorem [1.3](#FPar8){ref-type="sec"} can be considered as an extension of Theorem 4.2 in \[[@CR2]\] from $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{wasysym} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\in[1, \infty)$\end{document}$.

In particular, we can extend the theorems to the multidimensional case as in \[[@CR3]\] by using the technique developed by \[[@CR9]\]. It is a challenging problem to study the estimation of a multivariate continuous-discrete conditional density. We refer to \[[@CR3]\] for further details.

Some lemmas {#Sec5}
===========

We shall show several lemmas in this section, which are needed for proofs of our main theorems.

Lemma 2.1 {#FPar10}
---------
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hat{\beta}_{j,k}$\end{document}$ *be defined by* ([1.2](#Equ2){ref-type=""}). *Then* $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$E (\hat{\alpha}_{j,k})=\alpha_{j,k} \quad \textit{and} \quad E \bigl(\hat {\beta}^{i}_{j,k}\bigr)=\beta^{i}_{j,k} $$\end{document}$$ *for* $\documentclass[12pt]{minimal}
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Proof {#FPar11}
-----
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                \begin{document}$$\hat{\alpha}_{j,k}=\frac{1}{n}\sum_{i=1}^{n} \int\varphi _{j,k}(X_{i},y)u(y, Y_{i})\,dy= \frac{1}{n}\sum_{i=1}^{n}\phi _{j,k_{1}}(X_{i})c_{j,k}(Y_{i}). $$\end{document}$$ Since $\documentclass[12pt]{minimal}
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                \begin{document}$(X_{1},Y_{1})$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$(X_{2},Y_{2}), \dots, (X_{n},Y_{n})$\end{document}$ are independent and identically distributed, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E(\hat{\alpha}_{j,k})&=E\bigl( \phi_{j,k_{1}}(X_{1})c_{j,k}(Y_{1})\bigr)=E \bigl(E\bigl(\phi _{j,k_{1}}(X_{1})c_{j,k}(Y_{1})|Y_{1} \bigr)\bigr) \\ & =E\bigl(c_{j,k}(Y_{1})E\bigl(\phi_{j,k_{1}}(X_{1})|Y_{1} \bigr)\bigr)=E\biggl(c_{j,k}(Y_{1}) \int \phi_{j,k_{1}}(x)f(x|Y_{1})\,dx\biggr) \\ & =\sum_{v=1}^{m}P(Y_{1}=v)c_{j,k}(v) \int\phi _{j,k_{1}}(x)f(x|Y_{1}=v)\,dx \\ & = \int \int\Biggl(\sum_{v=1}^{m}P(Y_{1}=v)u(y,v)f(x|Y_{1}=v) \Biggr)\phi _{j,k_{1}}(x)\phi_{j,k_{2}}(y) \,dx \,dy \\ & = \int \int f_{\ast}(x,y)\varphi_{j,k}(x, y) \,dx \,dy= \alpha_{j,k}. \end{aligned} $$\end{document}$$

Similarly to the previous arguments, $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$E (\hat{\beta}^{i}_{j,k})=\beta ^{i}_{j,k}$\end{document}$. The proof of Lemma [2.1](#FPar10){ref-type="sec"} is done. □

To show Lemma [2.2](#FPar13){ref-type="sec"}, we introduce Rosenthal's inequality.

Rosenthal's inequality {#FPar12}
----------------------

(\[[@CR8]\])
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                \usepackage{amsmath}
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                \begin{document}$X_{1}, X_{2}, \ldots, X_{n}$\end{document}$ be independent random variables such that $\documentclass[12pt]{minimal}
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                \begin{document}$$E \Biggl\vert \sum_{l=1}^{n}X_{l} \Biggr\vert ^{p}\leq \textstyle\begin{cases} C_{p} [\sum_{l=1}^{n}E \vert X_{l} \vert ^{p}+ (\sum_{l=1}^{n}E \vert X_{l} \vert ^{2} )^{p/2} ] , & p\geq2,\\ C_{p} (\sum_{l=1}^{n}E \vert X_{l} \vert ^{2} )^{p/2}, & 0< p\leq 2. \end{cases} $$\end{document}$$

Lemma 2.2 {#FPar13}
---------

*Let* $\documentclass[12pt]{minimal}
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                \begin{document}$\hat{\beta}_{j,k}$\end{document}$ *be defined by* ([1.2](#Equ2){ref-type=""}). *If the density of* *X* *is bounded*, *then there exists a constant* $\documentclass[12pt]{minimal}
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                \begin{document}$$E \vert \hat{\alpha}_{j,k}-\alpha_{j,k} \vert ^{p}\leq2^{-\frac{p}{2}j}n^{-\frac {p}{2}} \quad\textit{and} \quad E \vert \hat{\beta}_{j,k}-\beta_{j,k} \vert ^{p} \leq2^{-\frac{p}{2}j}n^{-\frac{p}{2}} $$\end{document}$$ *for* $\documentclass[12pt]{minimal}
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                \begin{document}$2^{j}\leq n$\end{document}$.

Proof {#FPar14}
-----

We only prove the first inequality, since the second one is similar. By the definition of $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{\alpha}_{j,k}=\frac{1}{n}\sum_{l=1}^{n} \int_{\mathbb{R}} \varphi_{j,k}(X_{l}, y)u(y, Y_{l})\,dy=\frac{1}{n}\sum_{l=1}^{n} \phi_{j,k_{1}}(X_{l})c_{j,k_{2}}(Y_{l}), $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{j,k_{2}}(Y_{l}):=\int_{\mathbb{R}} \phi_{j,k_{2}}(y)u(y,Y_{l})\,dy$\end{document}$, and *ϕ* is a one-dimensional Daubechies scaling function $\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$|u(y,v)|\leq2$\end{document}$, we obtain that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl\vert c_{j,k_{2}}(Y_{l}) \bigr\vert \leq \int_{\mathbb{R}} \bigl\vert \phi _{j,k_{2}}(y) \bigr\vert \bigl\vert u(y,Y_{l}) \bigr\vert \,dy\leq 2^{-\frac{j}{2}} \Vert \phi \Vert _{1} \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} E \bigl\vert \phi_{j,k_{1}}(X_{l})c_{j,k_{2}}(Y_{l}) \bigr\vert ^{p}\lesssim 2^{-\frac{p}{2}j}E \bigl\vert \phi_{j,k_{1}}(X_{l}) \bigr\vert ^{p} \lesssim2^{-\frac{p}{2}j} \int_{\mathbb{R}} \bigl\vert \phi _{j,k_{1}}(x) \bigr\vert ^{p}f_{X}(x)\,dx\lesssim2^{-j} \end{aligned}$$ \end{document}$$ due to the boundedness of $\documentclass[12pt]{minimal}
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                \begin{document}$\xi_{l}:=\phi _{j,k_{1}}(X_{l})c_{j,k_{2}}(Y_{l})-\alpha_{j,k}$\end{document}$. Then $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} E \vert \xi_{l} \vert ^{p}= E \bigl\vert \phi _{j,k_{1}}(X_{l})c_{j,k_{2}}(Y_{l})- \alpha_{j,k} \bigr\vert ^{p} \lesssim E \bigl\vert \phi_{j,k_{1}}(X_{l})c_{j,k_{2}}(Y_{l}) \bigr\vert ^{p}+E \vert \alpha_{j,k} \vert ^{p}. \end{aligned}$$ \end{document}$$ It follows from Lemma [2.1](#FPar10){ref-type="sec"} and Jensen's inequality that $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$E \vert \alpha_{j,k} \vert ^{p}= \bigl\vert E \bigl[ \phi _{j,k_{1}}(X_{l})c_{j,k_{2}}(Y_{l}) \bigr] \bigr\vert ^{p}\leq E \bigl\vert \phi _{j,k_{1}}(X_{l})c_{j,k_{2}}(Y_{l}) \bigr\vert ^{p}. $$\end{document}$$ Hence ([2.3](#Equ7){ref-type=""}) reduces to $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} E \vert \xi_{l} \vert ^{p}\lesssim E \bigl\vert \phi _{j,k_{1}}(X_{l})c_{j,k_{2}}(Y_{l}) \bigr\vert ^{p}\lesssim2^{-j} \end{aligned}$$ \end{document}$$ thanks to ([2.2](#Equ6){ref-type=""}). By the definition of $\documentclass[12pt]{minimal}
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To prove Lemma [2.3](#FPar16){ref-type="sec"}, we need the well-known Bernstein inequality.

Bernstein's inequality {#FPar15}
----------------------

(\[[@CR8]\])
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The next lemma is an extension of Proposition 4.2 in \[[@CR2]\].

Lemma 2.3 {#FPar16}
---------
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Proof {#FPar17}
-----
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Using ([2.1](#Equ5){ref-type=""}) with *ψ* instead of *ϕ*, we get $\documentclass[12pt]{minimal}
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At the end of this section, we introduce two classical lemmas, which are needed for the proof of lower bound.

Lemma 2.4 {#FPar18}
---------

(Varshamov--Gilbert lemma, \[[@CR11]\])
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Lemma 2.5 {#FPar19}
---------

(Fano's lemma, \[[@CR6]\])
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Proofs of lower bounds {#Sec6}
======================

We rewrite Theorem [1.1](#FPar5){ref-type="sec"} as follows before giving its proof.

Theorem 3.1 {#FPar20}
-----------
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Proof {#FPar21}
-----
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Proofs of upper bounds {#Sec7}
======================

In this section, we prove the upper bounds of wavelet estimators. The result of the linear one is derived firstly. We restate and prove Theorem [1.2](#FPar6){ref-type="sec"} as Theorem [4.1](#FPar22){ref-type="sec"}.
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Proof {#FPar23}
-----
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Next, we are in a position to prove the conclusion of the nonlinear one.

Theorem 4.2 {#FPar24}
-----------
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-----
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